A mathematical model is presented for the transmission of a microparasite where the hosts occupy one of two states, uninfected or infected. In each state, the hosts are distributed over a continuous range of immunity. The immune levels vary within hosts due to the processes of waning of immunity (when uninfected), and increasing immunity (when infected), eventually resulting in recovery. Immunity level also in£uences the host's ability to infect or be infected. Thus the proposed model incorporates both inter-and intra-host dynamics. It is shown from equilibrium results that this model is a general form of the susceptible^infectedr esistant (SIR) and susceptible^infected^susceptible (SIS) family of models, a development that is useful for exploring multistrain pathogen transmission and use of vaccines which confer temporary protection.
INTRODUCTION
The vast majority of modelling of microparasite infections have, to date, used the susceptible^infected^resistant (SIR) framework, the principal assumption of which is that individuals, once recovered from infection, are immune for life (Kermack & McKendrick 1927; Anderson & May 1991) . The presence of speci¢c antibodies is assumed to be indicative of this immunity, the detection of which allows seroepidemiological studies to determine rates of infection by age. Seroepidemiology has relied on the fact that a single cut-o¡ value of antibody concentration (titre), which marks the di¡erences between those that are antibody negative (and assumed to be susceptible to infection) and those that are antibody positive (assumed to be previously exposed and consequently immune), can be identi¢ed (Cox et al. 1998a) .
However, it has been recognized for some time that antibody titres tend to fall with age (presumed to be a function of time since infection), even though this may not be linearly related to the risk of subsequent infection (Gay 1996) . This e¡ect has been treated statistically through the use of mixture models to describe the distribution of titres, but this approach does not allow the impact of waning antibody titres to be included in a dynamic model (Gay 1996) .
Furthermore, the majority of microparasites are able, to some extent, to reinfect previously infected individuals. It is the common childhood viral infections (principally measles, mumps and rubella, but also the hepatitis-B virus) that are the exception to the rule. Even so, the phenomena of waning immunity, infection following vaccination and reinfection are receiving an increasing amount of attention even with these viruses (Calvert et al. 1996; Chen et al. 1990) . Surprisingly, there has been relatively little attention given to susceptible^infectedŝ usceptible (SIS) frameworks, partly because they do not demonstrate the same array of dynamic behaviour, and more particularly are not able to reproduce the periodicity characteristic of many microparasites (Kermack & McKendrick 1927; Anderson & May 1991; White et al. 1998) . However, it is also common that those microparasites that are able to infect previously infected individuals demonstrate some form of serotypic diversity, and the reverse is true. It is instructive that it is only the common, childhood viral (monotypic) infections for which vaccines have been developed to prevent reinfection. Thus, it would appear that genetic (strain) diversity in microparasites enables reinfection, although subsequent infections may be less pathogenic: rotavirus infections for example (O¤t 1994) . Inclusion of this strain diversity in models may also reintroduce a wider spectrum of dynamic behaviour (Andreassen et al. 1997) .
The model presented is motivated by two factors. First, we want to include antibody titres within transmission dynamic models since it is possible that considerable information is being discarded in the process of conversion of an antibody titre to a binary measure. Second, we wish to include SIR and SIS models as the ends of a spectrum of microparasite^host interactions, an approach that is required in order to more fully understand multistrain microparasite dynamics (White et al. 1998; Castillo-Chavez et al. 1997) . The introduction of factors, such as partial immunity and changes in infectivity of individuals during an infection, also allows the development of models that combine transmission dynamics and the dynamics of immune response and microparasite population during an infection.
A model framework has been developed that describes the proportion of infected and non-infected hosts in terms of time and the level of immunity which they possess. It is intended that level of immunity will be directly related to antibody titre or some other immunological marker of immunity. The model allows the susceptibility to infection and disease and the infectiousness of the host to vary continuously with its level of immunity. We describe the model framework, derive equilibrium results and demonstrate its potential with some illustrative examples.
MODEL FRAMEWORK
Let z represent the level of immunity, which is considered as a continuous dimension, and, for the purposes of this paper, constrained between zero and unity (04z41), with z 0 meaning no immunity and z 1 meaning maximum immunity. The densities of the host population that are uninfected and infected at time t are given as x(z,t) and y(z,t), respectively. The varying susceptibility and infectivity are modelled by the functions p(z) and q(z), respectively, which have values between zero (complete immunity and no infectivity, respectively) at z 1 and unity at z 0 (complete susceptibility and full infectivity, respectively). The process of loss of immunity is modelled as a movement of hosts down through the values of z in the uninfected compartment, x(z,t). The process of recovery is modelled as a movement of hosts up through values of z in the infected compartment, y(z,t), until they have full immunity (at z 1), at which point they enter the uninfected compartment at z 1. These rates of loss of immunity and recovery are given by k x and k y , respectively. Figure 1 is a schematic representation of the model.
The following set of partial di¡erential equations (PDEs) describes the system:
These equations are ¢rst-order hyperbolic reactionĉ onvection equations. They are similar to age^time PDEs (Anderson & May 1991) , apart from the relationship between immunity and time which di¡ers from that between age and time. Note that SIR and SIS equations are reaction equations, and the above system represents the inclusion of the immune response as convection within the host population. The boundary £uxes are given by
The conditions in equations (2) must be satis¢ed in order for the £ows in the model to be balanced. In other words, hosts must not`leak' in and out of the model by entering or leaving at the boundaries of x and y at minimum and maximum immunity. The ¢rst condition ensures that hosts recovering from an infection enter the uninfected class (x). The second condition ensures that hosts will not £ow out of or into the infectious class, except through mortality or transmission, at minimum immunity. These are the two boundary conditions that are required in this system (at y(0,t) and x(1,t)) due to the nature of the PDEs. Additionally, hosts must also not`leak' out of the uninfected compartment at z 0 leading to the following constraint on the system, equation (3) 
The rate of infection of uninfected individuals is given by p(z) l(t); b(z) is the distribution of births into the uninfected class over z; " is the death rate of hosts (the infection is presumed as non-lethal, thus the integral of b(z) over the interval of z (0,1) is unity); and is the transmission coe¤cient. This general framework can be made more speci¢c when considering particular infections, as discussed below. Numerical solution of this framework is not straightforward (Sulsky 1993; Milner & Rabbio 1992) , and we concentrate on equilibrium results. Clearly, there is a trivial equilibrium with no infected hosts, and all (uninfected) hosts with zero immunity. However, we have had to assume, without formal proof, the existence and stability of a non-trivial equilibrium with respect to time. Given the damped oscillatory nature of the SIR model, it is unlikely that this approach to equilibrium would be monotonic for certain parameter values.
EQUILIBRIUM
We consider the situation where the system has reached an equilibrium in time, i.e. the di¡erentials with respect to time in equations (1) are zero. The model equations then become ordinary di¡erential equations with constraints on the parameter values in terms of the boundary £uxes of the original model and also on the de¢nition of the rate of infection
with the solution 
Integrating the system PDEs (equations (1)) between the limits z 0 and z 1 and incorporating the boundary conditions (equations (2)) and constraint (equation (3)), we obtain the following ordinary di¡erential equations describing the evolution of the total densities of uninfected and infected hosts in time, X(t) and Y(t)
We de¢ne the reproduction number, R(t), to be the quantity that must be greater than unity for the infectious population to be increasing
Then the suggested formula for the basic reproduction number, R 0 , of the system is as follows:
Given the functions p(z) and q(z) are equal to the constants p and q, respectively, the formula for the basic reproduction number can be simpli¢ed to the following:
It should be noted that the rate of decay of immunity, k x (z), does not appear in the reduced formula (equations (9)), and the unreduced formula (equation (8)) is not expected to depend on it. The expansion of this formula, if analytically possible, would be cumbersome and unrevealing, although its value for speci¢c parameters and functions (k x (z), k y (z), ", b(z), p(z), q(z), ) can be calculated. However, it is clear that this expression for R 0 represents a product of infectiousness (represented here by pq) and duration of infectiousness (with removals due to death, " and a loss of infectivity at z 1, #), as in simpler models.
INFECTIOUS AND IMMUNE PERIODS
Much of the understanding of microparasite transmission dynamics is based on the parameters describing the average infectious and immune periods. However, in the proposed model, these parameters are derived from more mechanistic assumptions about the rates of gain and loss of immunity. In order to construct links between the two approaches, we show how various assumptions of rate of gain of immunity relate to average infectious periods.
(a) Infectiousness
In the current model the infectious period depends on the level of immunity that an individual has on infection, as well as the rate of development of immunity. In Continuous immunity to infections L. J. White and G. F. Medley 1979 order to derive a formula for the duration of infection, we consider the original PDE for y with zero transmission
Solutions are divided by a boundary (the characteristic curve) in (z,t) space between y-values originating from the initial condition (at t 0) and those originating from the boundary £ux condition (k y (0)y(0,t) 0) which means zero infections. This boundary satis¢es the following:
Since the time taken for all infected hosts at a given initial time to recover equals the time taken for the yvalues of which the origins are the initial rather than the boundary conditions on y, the time from being fully infectious to fully recovered, T R (i.e. the maximum infectious period), is given by the following:
If k y is constant, then T R 1ak y , and this de¢nition of the recovery time is analogous to that for the SIR model, i.e. the inverse of the recovery rate. But in this case, it represents the maximum rather than the mean of a negative exponential.
(b) Immunity
The immune period is much harder to de¢ne in the current framework. It depends on the rate of loss immunity, k x , the susceptibility function, p(z), and the equilibrium rate of infection, l. Without any infection or death, the uninfected population all eventually occupy the lower boundary of immunity (z 0), so that the density of hosts at this point approaches in¢nity. In order to consider the time spent by hosts in the uninfected compartment, the following PDE was solved using the method of characteristics to model the fate of a cohort of uninfected individuals.
The force of infection, l, was considered constant and the £ux into the compartment was considered zero. The following solution was obtained for the number of uninfected hosts, x(z,t), at any time, t, or level of immunity, z.
& where
For the system solved, the functions have the following forms
The following result is obtained
This is shown in ¢gure 2a and is the type of result for a vaccinated cohort in a largely unvaccinated population, i.e. when the level of vaccination does not greatly alter the rate of infection. The total density of uninfected hosts over time, X(t), can be calculated as follows:
This survival curve is plotted in ¢gure 2b where total numbers reduce over time due to death and infection.
EXAMPLE EQUILIBRIUM SOLUTIONS
This section deals with the numerical solution of the set of ordinary di¡erential equations which describe the equilibrium distributions of uninfected and infected hosts with immunity (equations (4)). In order to demonstrate on a larger scale the model behaviour, the simplest functional forms were chosen for each quantity. The recovery rate, k y , was considered constant; the rate of loss of immunity, k x , was considered linear in order to satisfy the constraint on the system (equation (3)); susceptibility, p(z), was assumed to alter linearly starting at its maximum at z 0 (totally susceptible) and decreasing to zero at z 1 (totally immune); and the births of hosts into the uninfected compartment were considered exponentially distributed over the level of immunity with the highest number of births entering the most susceptible parts of the uninfected class (i.e. no births into the infected class). 
These functions are used in a numerical solution of equations (4) (ModelMaker, v. 3, Cherwell Scienti¢c Publishing, Oxford, UK) . The conditions on the boundary £uxes, equations (2), must be satis¢ed for a valid solution. The equations were rescaled using the transformation z 1Às so that the z 1 condition could be ¢xed as initial conditions on x * and y * . Values of l * (a constant at equilibrium) and x * (1) are found by trial and improvement so that the two conditions for hosts not tò leak' from the system (the total density of hosts is equal to unity and y * (0) 0) are satis¢ed.
Epidemiological characteristics of di¡erent microparasite infections can be incorporated into the functional forms. For example, some childhood viral infections tend to have a fast recovery rate (high k y ) and a slow rate of loss of immunity (low k x ). Figure 3 shows the distribution (across z) for uninfected and infected individuals. In ¢gure 3a, the distributions of the uninfected hosts over z for the highest and lowest values of the waning immunity rate parameter, a x , have characteristics which could be associated with the pro¢les expected for SIS and SIR type infections. In the ¢rst case, uninfected hosts are concentrated at the lower values of z, implying that at equilibrium most uninfected hosts are susceptible. In the second case, it is possible to distinguish two peaks in the distribution of uninfected individuals: essentially the susceptible and resistant. The other distributions on the graph show pro¢les for possible intermediate stages between the SIS and SIR types of infection.
The form of the distribution of x (uninfecteds) is characterized by the presence or absence of a single maximum or minimum. In the case of a low rate of loss of immunity, there is a single minimum that essentially divides the uninfected population between those that have been infected (and are immune) and those that are susceptible to infection. In other words the SIR frameContinuous immunity to infections L. J. White and G. F. Medley 1981 Proc. R. Soc. Lond. B (1998) (17) with parameters a x 0.02, l 0.09 and life expectancy, 1/" 1/0.015. At time zero, the hosts are distributed with a higher density at higher levels of immunity this distribution is situated on the`back wall' of the three-dimensional plot. As time (plotted travelling out of the page) increases, the density of hosts at the higher levels of immunity decreases due to their loss of immunity, and the density of hosts at lower levels of immunity increases The ¢nal distribution shows higher densities of hosts at lower levels of immunity, with no hosts occupying the higher levels of immunity. The`stepwise' structure is an artefact of the plotting procedure. (b) The total density of uninfected individuals changing over time. Calculated using equation (18) work is recovered. As the rate of loss of immunity is increased, a maximum appears and the two groups of uninfected individuals become increasingly merged. At high rates, the minimum is lost and the maximum appears at lower levels of immunity therefore approximating an SIS framework. Due to the existence of a short period of immunity, the distribution for the SIS case is not as concentrated as that for the SIR case.
The distribution of infected individuals (as shown in ¢gure 3b) is always monotonically increasing. The principal e¡ect of reducing the average period of immunity is to increase the equilibrium proportion of the population that are infected. Infected individuals with low levels of immunity are considered highly infectious and symptomatic, whereas those with high levels of immunity are considered asymptomatic with a low capacity for transmission. The shapes of the distributions imply that as a x (the rate of loss of immunity) increases, the ratio of symptomatic to asymptomatic infecteds decreases. Therefore, implying a signi¢cant role for asymptomatic infections in SIS type infections.
DISCUSSION
We have developed a framework for microparasite transmission dynamics that permits individual hosts to exhibit immunity on a continuous dimension. Di¡erent levels of immunity can be associated with di¡erent susceptibilities to infection and disease, and with di¡erent levels of infectiousness. We have demonstrated that the equilibrium, with respect to time, shows similar results to those expected from SIR and SIS models, suggesting that this framework ¢lls the gap between these two extremes.
This model provides a framework for the inclusion of results from models of immune responses to speci¢c infections in the form of the functions for increasing and decreasing immunity (k x and k y , respectively). Consequently, the model provides a potential link between models describing the interaction between infection and immunity, and infection dynamics.
We propose an arbitrary scale for immunity level. It only becomes meaningful for a particular infection when the appropriate functions are de¢ned in relation to some measurable quantity relating to immune protection. The most obvious candidate is some measure of antibody titre, which is already commonly used in seroepidemiological research as an approach to de¢ning susceptibility/immunity for many viral infections (Chen et al. 1990) . Part of the motivation for the current model is the desire to relate measured antibody levels to the degree of immunity in infections where reinfection is common (Cox et al. 1998a,b) , so that we choose to include an upper bound for immunity (rather than allowing immunity to develop in¢nitely) as measures of immunity are bounded (Hutber & Kitching 1996) .
Although potentially important, this framework requires some development before it can be applied pro¢t-ably. In particular, the dynamics and existence and stability of equilibria with respect to time are important. These can be investigated through numerical solution, and we are currently addressing this problem. However, numerical solution of this type of system is very prone to the accumulation of errors, especially through the integral required to calculate the rate of infection (Sulsky 1993; Milner & Rabbio 1992) . Consequently, analytical results for the existence and form of the equilibrium are ideally required.
Using the most simple forms for processes such as recovery, loss of immunity and altered susceptibility, the model has demonstrated a variety of behaviours, some of which are not easily categorized as SIR or SIS types. We are currently developing a numerical solution for the system which will allow us to further explore the possibility that important information is being discarded in the process of converting an antibody titre to a binary measure. It will also be possible, at this stage, to use the abundance of serological data and intra-host models available when modelling the transmission of a speci¢c disease.
Another interesting aspect of this framework is that the rate of recovery from infection, determined by k y , can be made a function of z such that the distribution of infectious periods need not be negatively exponential. The recovery of hosts before reaching full immunity may also be included in the framework by adding a £ow from infected to uninfected states (similar to the transmission term), the magnitude of which would depend on the level of immunity of the infected host. By increasing the rate of recovery with increasing immunity, the length of the tail of the distribution will reduce. Our current results do not emphasize this e¡ect, as we have to ¢x the rate of infection. Alternative model assumptions could include removing the upper bound for immunity. However, including an upper bound introduces a maximum infectious period which is more appropriate than allowing a small proportion of hosts to have an in¢nitely long infectious period (Keeling & Grenfell 1996) .
Likewise, the e¡ect of waning immunity due to vaccination has been demonstrated to be important, and a determinant of vaccination programme success (Edmunds et al. 1996; Mossong et al. 1998) . Immunity as a function of time since recovery from infection or vaccination, can naturally be included in this framework by appropriate choices of the rate of loss of immunity.
